A note on Higgs-de Rham flows of level zero by Sheng, Mao & Tong, Jilong
ar
X
iv
:2
00
9.
14
52
2v
1 
 [m
ath
.A
G]
  3
0 S
ep
 20
20
A NOTE ON HIGGS-DE RHAM FLOWS OF LEVEL ZERO
MAO SHENG AND JILONG TONG
Abstract. The notion of Higgs-de Rham flows was introduced by Lan-Sheng-
Zuo in [11], as an analogue of Yang-Mills-Higgs flows in the complex nonabelian
Hodge theory. In this short note we investigate a small part of this theory, and
study those Higgs-de Rham flows which are of level zero. We improve the origi-
nal definition of level-zero Higgs-de Rham flows (which works for general levels),
and establish a Hitchin-Simpson-type correspondence between such objects and
certain representations of fundamental groups in positive characteristic, which
generalizes the classical results of Katz [9]. We compare the deformation theo-
ries of two sides in the correspondence, and translate the Galois action on the
geometric fundamental groups of algebraic varieties defined over finite fields
into the Higgs side.
Let k be a perfect field of positive odd characteristic. Let W := W (k) denote
the ring of Witt vectors, with K its field of fractions andWn its reduction modulo
pn for every n ∈ N. Let X be a geometrically connected proper smooth scheme
over W , and set Xn := X ⊗W Wn. Inspired by the classical Hitchin-Simpson cor-
respondence over the field of complex numbers, the first named author together
with Lan and Zuo established in their joint work [11] a correspondence between
certain Higgs bundles over X with trivial Chern classes and certain integral crys-
talline representation of the e´tale fundamental group π1(XK) of the generic fiber
XK = X ⊗W K (relative to some geometric base point). In the heart of this cor-
respondence is the notion of Higgs-de Rham flows introduced in loc. cit. Recall
that, for n ∈ N, a Higgs-de Rham flow on Xn is, roughly speaking, a diagram of
the following form
(H0,∇0)
GrFil0
%%▲▲
▲▲
▲▲
▲▲
▲▲
(H1,∇1)
GrFil1
$$❍
❍❍
❍❍
❍❍
❍❍
❍
(E0, θ0)
C−1n
99rrrrrrrrrr
(E1, θ1)
C−1n
99rrrrrrrrrr
· · ·
.
Here (E0, θ0) is certain Higgs bundle on Xn; C
−1
n is the truncated inverse Carter
transform constructed by Lan-Sheng-Zuo, which lifts the inverse Cartier trans-
form of Ogus-Vologodsky ([14]); for each integer i > 0, Fili = (Fil
j
iHi)j≥0 is a
decreasing filtration by subbundles on the flat module (Hi,∇i) of level ≤ p − 1
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(i.e., Fil0iHi = Hi and Fil
p−1
i Hi = 0) satisfying the Griffiths transversality condi-
tion; and (Ei, θi), i ≥ 1, is the graded Higgs module associated with the filtered
flat bundle (Hi−1,∇i−1,Fili−1): see Construction 1.1 below for an explanation.
We say that the Higgs-de Rham flow above is f -periodic for some integer f ≥ 1,
if it is moreover equipped with an isomorphism of Higgs bundles:
φ : (Ef , θf )
∼
−→ (E0, θ0).
Based on this notion of f -periodic Higgs-de Rham flows and on some previous
work of Faltings, Lan-Sheng-Zuo established a correspondence between such ob-
jects on Xn and the crystalline Wn(Fpf )-representation of π1(XK), from where
they deduced their main Hitchin-Simpson type correspondence mentioned above.
In this short note we shall investigate a small part of the theory of Higgs-de
Rham flows. We study only those periodic Higgs-de Rham flows which are of
level zero, so that the filtrations Fili appearing above satisfy
Fil0iHi = Hi and Fil
1
iHi = 0 for every i ≥ 0.
Our first result is a Hitchin-Simpson type correspondence for these objects, which
generalizes the classical Katz’s correspondence [9, Proposition 4.1.1] to a global
setting.
Theorem (Theorem 2.1). Let p ≥ 2 be a prime number. Let f > 0 be an
integer, and k a perfect field of characteristic p containing a finite field Fpf with p
f
elements. Let n ∈ Z>0, and Xn be a smooth connected scheme over Wn := Wn(k).
Set X := Xn⊗W k. Then there is an equivalence of categories between the category
of continuous representations of π1(X) on finite free Wn(Fpf )-modules, and the
category of f -periodic Higgs-de Rham flows of level zero over Xn.
Compared with the original definition of Higgs-de Rham flows in [11], in the
statement above we removed the restriction on the characteristic of the field k
and an extra liftability condition on Xn: the reason is simply because here we
are only interested in periodic Higgs-de Rham flows of level zero: see § 1 for a
detailed discussion.
If X is a smooth connected k-scheme which is lifted to a smooth p-adic formal
scheme X over W , by a limit argument, we obtain from the theorem above a
correspondence between the category of continuous representations of π1(X) on
finite free W (Fpf )-modules, and the category of f -periodic Higgs-de Rham flows
of level zero over X (Corollary 2.3). If moreover X is the formal completion along
the closed fiber of a proper smooth W -scheme, we check in Proposition 2.5 that
our Hitchin-Simpson type correspondence above is compatible with the one for
Higgs-de Rham flows of general levels given by Lan-Sheng-Zuo in [11].
Corollary (Corollary 3.3, Corollary 3.7). Use the notation as above and suppose
moreover that the base field k is algebraically closed and that X/k is proper.
Assume also that Xn can be lifted to a proper smooth Wn+1-scheme Xn+1. Let
ρ : π1(X) → GLd(Z/p
n) be a continuous representation and (E,Filtr, φ) the
corresponding one-periodic Higgs-de Rham flow of level zero over Xn. Then the
following statements hold:
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(i) ρ can be deformed to a continuousGLd(Z/p
n+1)-representation if and only
if E can be deformed to Xn+1 as vector bundle.
(ii) Suppose that the deformation obstruction of ρ over GLd(Z/p
n+1) van-
ishes. Then the set of isomorphism classes of deformations of ρ as a
H1(π1(X), ad(ρ))-torsor, is naturally identified with a set of isomorphism
classes of deformations of E over Xn+1 as a H
1(X, End(E¯))Φ=1-torsor,
where E¯ = E ⊗ k and Φ is the induced Frobenius on the endomorphism
bundle End(E¯) from φ.
In the theorem above, if we fix an algebraic closure k¯ of k and apply the result
to the base change Xn ⊗Wn Wn(k¯) of Xn to Wn(k¯), we obtain a Hitchin-Simpson
type correspondence for the representations of the geometric fundamental group
πgeo1 (X) := π1(X ⊗k k¯) of X . On the other hand, it is well-known that π
geo
1 (X) is
endowed naturally with an (outer) action of the absolute Galois group Gal(k¯/k)
of k. Motivated by questions arising from anabelian geometry, we would like to
have an algebro-geometric description of this (outer) Galois action. When k is
a finite field, we achieve in § 4 such a description in terms of periodic Higgs-de
Rham flows of level zero:
Corollary (Corollary 4.3). Let k ⊂ F¯p be a finite field of q = p
m elements. Let
Xn be a smooth connected scheme over Wn, with n ∈ Z>0. Set X := Xn ⊗W k.
Let (E, 0,Filtr, . . . ,Filtr, φ) be an f -periodic Higgs-de Rham flow of level zero on
Xn⊗ˆWnWn(F¯p), with ρ the correspondingWn(Fpf )-representation of π
geo
1 (X) given
by the Hitchin-Simpson type correspondence above. Let σ ∈ Gal(F¯p/k) which
sends a ∈ F¯p to a
q. Then, the f -periodic Higgs-de Rham flow corresponding to
ρ ◦ σ˜ is (1⊗ σ)∗(E, 0,Filtr, . . . ,Filtr, φ) shifted Nf −m times, where N ∈ N such
that Nf −m ≥ 0. Here σ˜ is an automorphism on πgeo1 (X) = π1(X⊗k F¯p) induced
from the isomorphism 1⊗ σ : Xn
∼
→ Xn of schemes.
Even though we do not have any interesting application of this simple reformu-
lation of Galois action at the moment, we feel that it may still shed light on the
study of the outer Galois representations of algebraic varieties over finite fields.
Acknowledgement. We would like to thank Professor Kang Zuo for his
interest in this work. We are very grateful to the two anonymous referees for
their insightful comments and helpful suggestions. Last but not least, we express
our sincere thanks to our editor for his professional work.
1. Periodic HDRFs of level zero
Let k denote a perfect field of positive characteristic p. Let n > 0 be an
integer and set Wn := Wn(k). Let Xn be a smooth scheme over Wn. Write
Xm := Xn ⊗Wn Wm for every 1 ≤ m ≤ n. In this section, we shall review the
definition of periodic Higgs-de Rham flow, written HDRF for short in the sequel,
of level zero introduced in [11], which will be central in our discussion. To do so,
assume as in [11] the following condition:
(*) Char(k) = p ≥ 3, and Xn can be lifted to a smooth Wn+1-scheme Xn+1.
We shall see in Remark 1.4 that, if we are only interested in the level-zero case,
the condition (*) above can be removed.
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Let us start with the following construction used in [11].
Construction 1.1. Let X/S be a smooth S-scheme, and H a flat bundle on X :
so H is a vector bundle on X , equipped with an integrable connection
∇ : H −→ H ⊗ Ω1X/S.
Let Fil•H = (FiliH)i∈Z be a decreasing separated and exhaustive filtration by
subbundles of H , satisfying the Griffiths transversality condition, i.e.,
∇(FiliH) ⊂ Fili−1H ⊗ Ω1X/S, ∀ i ∈ Z.
The filtered flat bundle (H,∇,Fil•H) is also referred to as a de Rham bundle on
X/S in the following. Write GrFil•(H) for the associated graded OX -module of
H relative to the filtration Fil•H , so that
GrFil•(H) =
⊕
i∈Z
GriFil•(H), with Gr
i
Fil•(H) := Fil
iH/Fili+1H.
Because of the Griffiths transversality condition, ∇ induces an OX -linear map
θ : GrFil•(H) −→ GrFil•(H)⊗ Ω
1
X/S ,
taking the class in GriFil•(H) of a local section x in Fil
iH to the class of ∇(x) in
Gri−1Fil•(H) ⊗ Ω
1
X/S . In this way, (GrFil•(H), θ) becomes a (graded) Higgs bundle.
For example, if we take the trivial filtration Filtr on H :
Fil0trH = H and Fil
1
trH = 0,
then GrFiltr(H) = H and the resulting Higgs field θ on GrFiltr(H) is trivial. So
GrFiltr(H) is simply H , viewed as a Higgs bundle with trivial Higgs field on X .
Definition 1.2 ([11]). We keep the notations above. Let f ∈ Z>0.
(1) An f -periodic HDRF of level zero over X1/W1 is a diagram of the form
(1.2.1)
(H0,∇0)
GrFiltr
##❍
❍❍
❍❍
❍❍
❍❍
❍
(Hf−1,∇f−1)
GrFiltr
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
(E0, 0) := (E, 0)
C−11
66♥♥♥♥♥♥♥♥♥♥♥♥
· · ·
C−11
99rrrrrrrrrrr
(Ef , 0)
φll
;
Here,
• (E, 0) is a Higgs bundle with trivial Higgs field over X1;
• C−11 is the inverse Cartier transform of Ogus-Vologodsky ([14]);
• GrFiltr stands for taking the associated graded OX1-module relative to
the trivial filtration Filtr as recalled in Construction 1.1: in particular,
if we denote by FX1 the absolute Frobenius on X1, for each 0 ≤ i ≤
f − 1, we have Hi = F
∗
X1
Ei, ∇i is the canonical connection on a
Frobenius pullback, and Ei+1 = Hi;
• φ : (Ef , 0)
∼
→ (E, 0) is an isomorphism of Higgs bundles on X1.
We shall write this f -periodic HDRF by the tuple (E, 0,Filtr, . . . ,Filtr, φ).
(2) When n ≥ 2, an f -periodic HDRF of level zero over Xn is defined induc-
tively as the collection of the following data:
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• an f -periodic HDRF of level zero (E¯, 0,Filtr, · · · ,Filtr, φ¯) on Xn−1:
in particular, we have the following diagram
(1.2.2)
(H¯0,∇0)
GrFiltr
##●
●●
●●
●●
●●
●
(H¯f−1,∇f−1)
GrFiltr
&&◆◆
◆◆
◆◆
◆◆
◆◆
◆
(E¯0, 0) := (E¯, 0)
C−1n−1
77♥♥♥♥♥♥♥♥♥♥♥♥
· · ·
C−1n−1
99sssssssssss
(E¯f , 0)
φ¯ll
with φ¯ an isomorphism of Higgs bundles on Xn−1;
• a Higgs bundle (E, 0) with trivial Higgs field on Xn, with
(E, 0)⊗Wn Wn−1 ≃ (E¯, 0);
because of the equality (E¯f , 0) = GrFiltr(H¯f−1, ∇¯f−1) and the isomor-
phism φ¯, we can apply the truncated inverse Cartier transform C−1n
of [11] to (E, θ), from which we deduce a diagram, i.e., the Higgs-de
Rham flow initiated by (E, 0):
(1.2.3)
(H0,∇0)
GrFiltr
##❍
❍❍
❍❍
❍❍
❍❍
❍
(Hf−1,∇f−1)
GrFiltr
''◆◆
◆◆
◆◆
◆◆
◆◆
◆
(E0, 0) := (E, 0)
C−1n
66♥♥♥♥♥♥♥♥♥♥♥♥
· · ·
C−1n
99rrrrrrrrrrr
(Ef , 0)
.
As the inverse Cartier transforms C−1n for various n are compatible
with each other, the diagrams (1.2.2) and (1.2.3) are compatible in
the evident way; and
• an isomorphism φ : (Ef , 0)
∼
→ (E, 0) of Higgs bundles on Xn, com-
patible with φ¯ : (E¯f , 0)
∼
→ (E¯, 0).
Like above, we denote this f -periodic HDRF by the tuple
(E, 0,Filtr, . . . ,Filtr, φ).
Let (E, 0) be a Higgs bundle with trivial Higgs field on Xn, such that (E¯, 0) :=
(E, 0)⊗Wn Wn−1 is the initial term of an f -periodic HDRF
(E¯, 0,Filtr, . . . ,Filtr, φ¯)
of level zero on Xn−1. We can apply the inverse Cartier transform C
−1
n on (E, 0).
Write (H,∇) = C−1n (E, 0).
Lemma 1.3. Up to a canonical isomorphism, the vector bundle with integrable
connection (H,∇) is independent of the choice of the Wn+1-lifting Xn+1 of Xn.
Moreover, Zariski locally, H admits a flat basis with respect to ∇.
Proof. Consider the corresponding diagram (1.2.3) associated with the f -periodic
HDRF (E¯, 0,Filtr, . . . ,Filtr, φ¯) over Xn−1. In particular, φ¯ : (E¯f , 0)
∼
→ (E¯, 0) is
an isomorphism of Higgs bundles over Xn−1, and (E¯f , 0) = GrFiltr(H¯f−1, ∇¯f−1).
So E¯f = H¯f−1. We want to compute C
−1
n (E, 0), which, according to [11], means
C−1n (E, 0, H¯f−1, ∇¯f−1,Filtr, φ¯).
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From the proof of [11, Theorem 4.1], the latter is obtained in two steps. The first
step is to construct a vector bundle with integrable p-connection on Xn, given by
(H˜, ∇˜) = Tn(E, 0, H¯f−1, ∇¯f−1,Filtr, φ¯).
We claim that H˜ ≃ E. Indeed, by the second approach in the construction of Tn
in [11], H˜ is the cokernel of the morphism
E −→ E¯ ⊕ E, x 7→ (x¯,−px),
where x¯ is the reduction of x mod pn−1. The image of this morphism is equal to
the kernel of the morphism
E¯ ⊕E −→ E, (x¯, y) 7→ px¯+ y.
Thus H˜ ≃ E, as claimed. Under this identification, the p-connection ∇˜ on E
can be described as follows. Let ∇¯ be the connection on E¯ induced from ∇f−1
on E¯f = H¯f−1 through the isomorphism φ¯ : E¯f
∼
→ E¯. For any local section x of
H˜ ≃ E, write x¯ for its reduction modulo pn−1. Let y˜ ∈ E⊗Ω1Xn/Wn be any (local)
lifting of ∇¯(x¯) ∈ E¯ ⊗ Ω1Xn−1/Wn−1 . Since the difference of two such liftings lies in
pn−1E⊗Ω1Xn/Wn, py˜ is a well-defined local section of E⊗Ω
1
Xn/Wn
depending only
on x¯. Denote the latter by p∇¯(x¯). Then one has ∇˜(x) = p∇¯(x¯).
To deduce (H,∇) from (H˜, ∇˜), assume first that Xn+1 is small, that is, there
exists an e´tale morphism of Wn+1-schemes:
Xn+1 −→ Spec(Wn+1[t
±1
1 , . . . , t
±1
d ]).
Let FXn+1 : Xn+1 → Xn+1 be a Frobenius lifting, i.e., a lifting of the absolute
Frobenius on X1 that is compatible with the Frobenius on Wn+1. Let FXn :
Xn → Xn be its reduction modulo p
n. By Step 1 in the proof of [11, Proposition
4.15] and [11, Formula (4.15.1)],
H = F ∗XnH˜ = F
∗
XnE = OXn ⊗F#
Xn
,OXn
E,
and for λ⊗ x ∈ F ∗XnE = H we have
(1.3.1)
∇(λ⊗ x) = (1⊗ x)⊗ dλ+ λ
(
1⊗
dFXn+1
p
)
(1⊗ ∇˜(x))
= (1⊗ x)⊗ dλ+ λ (1⊗ dFXn) (1⊗ ∇¯(x¯)).
Here again, since dFXn(Ω
1
Xn/Wn
) ⊂ pΩ1Xn/Wn , (1⊗dFXn)(1⊗∇¯(x¯)) is a well-defined
section ofH⊗Ω1Xn/Wn . In particular, ∇ depends only on FXn . Moreover, let F
′
Xn+1
be a second Frobenius lifting. Write∇′ for the connection on H ′ := F
′∗
XnH˜ defined
similarly as above. One has a horizontal isomorphism σ = σFXn+1 ,F ′Xn+1
between
(H,∇) and (H ′,∇′):
σ : F ∗XnH˜ −→ F
′∗
XnH˜, 1⊗ x 7→
∑
m∈Nd
1
m!
(
FXn+1(t)− F
′
Xn+1
(t)
p
)m
⊗ ∇˜m∂/∂t(x).
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Since ∇˜(x) = p∇¯(x¯), the series above can be rewritten as
(1.3.2)
∑
m∈Nd
(FXn(t)− F
′
Xn(t))
m
m!
⊗ ∇¯m∂/∂t(x¯).
Thus, σ depends only on the reduction modulo pn of FXn+1 and F
′
Xn+1
as well.
In the general case, we cover Xn+1 by small open subsets Xn+1 =
⋃
i∈I Ui. For
each i ∈ I, choose a Frobenius lifting Fi : Ui → Ui. Write U¯i (resp. F¯i) for
the reduction modulo pn of Ui (resp. of Fi). Then, (H,∇) is obtained by gluing
(Hi,∇i) = F¯
∗
i (H˜, ∇˜)|U¯i on U¯i, i ∈ I, along the horizontal isomorphisms
σFi,Fj : (Hi,∇i)|U¯i∩U¯j
∼
−→ (Hj ,∇j)|U¯i∩U¯j , i, j ∈ I.
As seen in the paragraph above, the (Hi,∇i) and the gluing isomorphisms σFi,Fj
can be given using only the reduction modulo pn of Fi and Fj , so the same holds
for (H,∇). Furthermore, a similar argument shows that, up to a canonical iso-
morphism, (H,∇) does not depend on the covering Xn =
⋃
i U¯i and the Frobenius
lifting F¯i on U¯i. In other words, (H,∇) depends only on the reduction modulo
pn of Xn+1, as asserted in the first part of our lemma.
For the remaining part of our lemma, it is harmless to assume that Xn is small.
We shall do induction on n. If n = 1, ∇ is the canonical connection ∇can of trivial
p-curvature in the Cartier descent theorem. A flat local basis of H = F ∗X1E is
given by 1 ⊗ e, where e is a local basis of E. Assume n ≥ 2 and the truth of
our assertion for n− 1. Choose a Frobenius lifting FXn on Xn. By the induction
hypothesis, we may take a local basis e of E whose mod pn−1 reduction e¯ in E¯
is mapped via the isomorphism φ¯−1 to a flat local basis of H¯f−1 with respect to
∇¯f−1. Then, e is a flat local basis of H˜0 = E with respect to the p-connection
∇˜0. By (1.3.1), 1 ⊗ e is a flat local basis of H = F
∗
XnE with respect to ∇, and
this completes the induction step. 
Remark 1.4. We keep the notations of Lemma 1.3 (and its proof).
(1) Lemma 1.3 can be viewed as a pn-torsion generalization of Cartier descent
([7, Theorem 5.1]). Moreover, the fact that (H,∇) is independent of Xn+1
generalizes the fact that the inverse Cartier transform of Ogus-Vologodsky
([14]) of a Higgs bundle with trivial Higgs field specializes to the Frobenius
pullback mod p, which clearly does not require X1 to be lifted over W2.
It follows that the notion of f -periodic HDRF of level zero on Xn can be
defined without any smooth Wn+1-model of Xn.
(2) To define periodic HDRF of level zero, one can equally remove the as-
sumption p ≥ 3 in the condition (*) at the beginning of this section.
Indeed, in the original definition in [11] (which also works for non-zero
levels), the only place we need the fact that p ≥ 3 is to make sure that the
series in (1.3.2) is a finite sum (recall that, for p a prime, the series pn/n!
converges p-adically to 0 when p ≥ 3). However, as in the last part of
the proof above, one checks that the E¯ has flat basis relative to ∇¯ Zariski
locally. Thus ∇m∂/∂t(x¯) converges p-adically to 0 when |m| → ∞. As a
result, the series in (1.3.2) is still a finite sum when p = 2! This allows us
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to glue the local pieces (Hi,∇i) by means of the horizontal isomorphisms
σFi,Fj when Char(k) = p = 2.
Therefore, to define HDRFs of level zero on Xn, we can drop the condition (*) at
the beginning of this section. There is a direct definition of a morphism between
two f -periodic HDRFs of level zero, and we obtain the category of f -periodic
HDRFs of level zero on Xn, denoted by
HDR0,f(Xn/Wn)
in the sequel.
The notion of periodic HDRFs of level zero is closely related with another one
introduced by Katz [9]. To state this, suppose that Xn/Wn is equipped with a
Frobenius lifting F = FXn : Xn → Xn. Take f ∈ Z>0. A Frobenius-periodic
vector bundle of period f on Xn (relative to F ) is a pair (E, ψ) consisting of a
vector bundle E over Xn, together with an isomorphism of OXn-modules
ψ : F ∗f(E)
∼
−→ E.
Such objects form a category, denoted by FVectf(Xn, F ).
Proposition 1.5. Assume that there exists a Frobenius lifting F : Xn → Xn. Let
(E, 0,Filtr, . . . ,Filtr, φ) be an f -periodic HDRF of level zero on Xn, with (1.2.3)
its corresponding diagram. Then, Ef ≃ F
∗fE, and under this identification, φ
becomes an isomorphism φF : F
∗fE
∼
→ E of OXn-modules. Moreover, the functor
(1.5.1) HDR0,f(Xn/Wn) −→ FVectf(Xn, F ),
sending (E, 0,Filtr, . . . ,Filtr, φ) to (E, φF ) is an equivalence of categories.
In particular, for n = 1, an f -periodic HDRF over X1 is just a vector bundle
E on X1 together with an isomorphism ψ : Fr
∗fE
∼
→ E of OX1-modules, where
Fr : X1 → X1 is the absolute Frobenius on X1.
Proof. We shall prove our proposition by induction on n. Suppose n = 1. Con-
sider an f -periodic HDRF of level zero (E,Filtr, . . . ,Filtr, φ) on X1, and its cor-
responding diagram (1.2.1). Since we have naturally C−11 (E˜, 0) ≃ (F
∗E˜,∇can)
for any Higgs bundle (E˜, 0) with trivial Higgs field, we get inductively a natural
isomorphism (Ei, 0) ≃ F
∗iE, and φ becomes an isomorphism
φF : (F
∗f
X1
E, 0) = GrFiltr(F
∗f
X1
E,∇can)
∼
−→ (E, 0)
of Higgs bundles, or equivalently, an isomorphism of vector bundles
φF : F
∗f
X E
∼
−→ E.
Thus, the pair (E, φF ) is a Frobenius-periodic vector bundle of period f . This
gives the functor (1.5.1) when n = 1, which is an equivalence of categories.
Assume n ≥ 2. As seen in the proof of Lemma 1.3, Ei ≃ F
∗iE for 1 ≤ i ≤ f .
So like above, Ef ≃ F
∗fE and φ becomes an isomorphism φF : F
∗fE
∼
→ E of
vector bundles, giving a Frobenius-periodic vector bundle (E, φF ) of period f
over Xn. This defines the functor (1.5.1). Conversely, let (E, ψ) be a Frobenius-
periodic vector bundle of period f on Xn and set (E¯, ψ¯) = (E, ψ)⊗Z/p
n−1Z. By
induction, we attach to (E¯, ψ¯) to an f -periodic HDRF (E¯, 0, F iltr, · · · , F iltr, φ¯)
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over Xn−1 such that φ¯F¯ = ψ¯, where F¯ is the reduction of F modulo p
n−1. The
bundle part of C−1n (E, 0) is canonically identified with F
∗E, and successively one
has (set (E0, θ0) = (E, 0))
(Ei, θi) = GrFiltr
(
C−1n (Ei−1, θi−1)
)
≃ (F ∗iXnE, 0), 1 ≤ i ≤ f.
So, ψ gives the isomorphism φ : Ef
∼
→ E required for a periodic HDRF of level
zero over Xn. As a result, the functor (1.5.1) is an equivalence of categories. 
Later we shall need the notion of periodic HDRF of level zero over W . Let
X be a smooth formal scheme over W lifting X/k, and write Xn the reduction
modulo pn of X . An f -periodic HDRF of level zero on X /W consists of a HDRF
of level zero (En, 0,Filtr, . . . ,Filtr, φn) on Xn/Wn for each n ∈ Z>0, together with
isomorphisms
(En+1, 0,Filtr, . . . ,Filtr, φn+1)|Xn
∼
−→ (En, 0,Filtr, . . . ,Filtr, φn), ∀ n > 0.
In particular, the projective limit lim
←−
(En, 0) gives a Higgs bundle E with trivial
Higgs field on X . Since the truncated inverse Cartier transforms C−1n for various
n are compatible with each other, the projective limit
C−1X (E, 0) := lim←−
(C−1n (En, 0))
is a vector bundle with integrable connection on X , and the compatible family
(φn)n≥1 defines an isomorphism of Higgs bundles
φ = lim
←−
φn : (GrFiltr ◦ C
−1
X )
f(E , 0)
∼
−→ (E , 0).
As above, we shall denote this f -periodic HDRF of level zero on X by the tuple
(E , 0,Filtr, . . . ,Filtr, φ), and by HDR0,f(X /W ) the category of such objects.
2. A Hitchin-Simpson correspondence in positive characteristic
Let f ≥ 1 be an integer. Let k be a perfect field of positive characteristic p
containing Fpf , the finite field with p
f elements. Let X/k be a connected smooth
scheme. In this section, we would like to, under some conditions, give an algebro-
geometric parametrization of the category
RepWn(Fpf )
(π1(X))
of continuous representations of π1(X) on finite freeWn(Fpf )-modules. For n = 1,
such a parametrization was done by Lange-Stuhler [12] and Katz [9] (see also
[8]). In loc. cit., Katz also gave a parametrization for general n, however with
the liftability assumption both on the scheme X and on the absolute Frobenius
morphism. This latter condition is very restrictive: for example, it is well-known
that there is no Frobenius lifting over Wn = Wn(k), n ≥ 2, for any smooth
projective curve of genus ≥ 2. Notice that in the theorem below, we assume only
a mild liftability condition on the scheme X/k.
Theorem 2.1. Let f ≥ 1 be an integer. Let k be a perfect field of positive
characteristic p containing Fpf . Let X be a connected smooth variety over k.
Assume that X/k can be lifted to a smooth scheme Xn over Wn. Then there
is an equivalence of categories between HDR0,f (Xn/Wn) of f -periodic HDRFs of
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level zero over Xn and the category RepWn(Fpf )
(π1(X)) of continuous Wn(Fpf )-
representations of π1(X) on finite free Wn(Fpf )-modules.
Let us first prove the theorem above under an extra condition.
Proof of Theorem 2.1 under the existence of a Frobenius lifting. Assume moreover
that there exists a Frobenius lifting F : Xn → Xn. By Proposition 1.5, it suf-
fices to find an equivalence between the category FVectf(Xn) and the category
RepWn(Fpf )
(π1(X)), which follows from Katz’s result [9, Proposition 4.1.1]. More
precisely, for (E, ψ) a Frobenius-periodic vector bundle of period f and of rank
r on Xn, Katz defined in loc. cit. its corresponding Wn(Fpf )-representation of
π1(X) as follows. Firstly, for a finite e´tale morphism f : Y → Xn, Y admits
a unique Frobenius lifting FY that is compatible with FXn . It follows that we
can pull-back (E, ψ) through f to obtain a Frobenius periodic vector bundle of
period f on Y relative to FY , written by (EY , ψY ). Secondly, Katz showed in loc.
cit. that one may find a suitable finite e´tale Galois morphism f : Y → Xn such
that the vector bundle EY has a basis formed by ψY -invariant elements. As a
result, the set EψY =1Y of ψY -invariant elements is a free Wn(Fpf )-module of rank
r. Finally, the Galois group of Y/X acts naturally on EψY =1Y , so it induces a
Wn(Fpf )-representation of π1(Xn) = π1(X). Let us denote the latter intuitively
by Eψ=1. Katz showed that the correspondence (E, ψ) 7→ Eψ=1 gives an equiva-
lence of categories FVectf(Xn)
∼
→ RepWn(Fpf )
(π1(X)). Consequently, we have an
equivalence of categories
(2.1.1) HDR0,f(Xn/Wn) −→ RepWn(Fpf )
(π1(X)),
which sends an f -periodic HDRF (E, 0,Filtr, . . . ,Filtr, φ) of level zero on Xn to
the Wn(Fpf )-representation E
φF=1 of π1(X). 
A priori, the functor (2.1.1) depends on the choice of the Frobenius lifting F .
To obtain a proof of Theorem 2.1 in the general case, one has to to compare the
functor (2.1.1) relative to two Frobenius liftings.
Lemma 2.2. We keep the assumption of Theorem 2.1. Let (E, 0,Filtr, . . . ,Filtr, φ)
be an f -periodic HDRF of level 0 on Xn, with the corresponding diagram (1.2.3).
(1) The vector bundle E is endowed naturally with a connection ∇, such that
if there is a Frobenius lifting F on some open U ⊂ Xn, so that Ef |U is
identified naturally with F ∗f(E|U), then the isomorphism
φF : F
∗f(E|U)
∼
−→ E|U
induced from φ|U is horizontal. Here F
∗f (E|U) is equipped with the con-
nection F ∗f(∇|U): for λ⊗ e ∈ F
∗f(E|U) = OU ⊗F f ,OU E|U ,
F ∗f(∇|U)(λ⊗ e) = (1⊗ e)dλ+ λ(1⊗ dF
f)(∇(e)).
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(2) Assume Xn small, hence equipped with e´tale coordinates t = (t1, . . . , td).
Let F and F ′ be two Frobenius liftings on Xn. Then there is an isomor-
phism of OXn-modules
σ : F ∗fE −→ F
′∗fE, 1⊗ x 7→
∑
m∈Nd
(F f(t)− F
′f (t))m
m!
⊗∇m∂/∂t(x)
such that φF ′ ◦ σ = φF .
Proof. (1) Consider the diagram (1.2.3) corresponding to (E, 0,Filtr, . . . ,Filtr, φ).
Via the isomorphism φ : Ef
∼
→ E, the connection ∇f−1 on Hf−1 = Ef induces a
connection ∇ on E. If F is a Frobenius lifting on some open U ⊂ Xn, from the
construction the truncated Cartier transform C−1n , we find: for λ⊗ e ∈ Hf−1|U =
Ef |U ≃ F
∗fE|U ,
∇f−1(λ⊗ e) = (1⊗ e)dλ+ λ(1⊗ dF
f)(∇¯(e¯)),
where ∇¯ (resp. e¯) is the reduction modulo pn−1 of ∇ (resp. of e). Since ∇(e)
is a lifting of ∇¯(e¯) in E ⊗ Ω1Xn/Wn, (1 ⊗ dF
f)(∇¯(e¯)) = (1 ⊗ dF f)(∇(e)). So
F ∗f (∇|U) = ∇f−1|U , and the isomorphism φF induced from φ|U is horizontal.
(2) According to the construction of HDRF, the isomorphism φF and φF ′ can
be inserted into the commutative diagram below
(2.2.1) Hf−1
≃ // F ∗fE
φF //
≃

E
Hf−1
≃ // F
′∗fE
φF ′
==④④④④④④④④④
,
where the vertical isomorphism is
F ∗fE −→ F
′∗fE, 1⊗ x 7→
∑
m∈Nd
(F f(t)− F
′f(t))m
m!
⊗ ∇¯
m
∂/∂t(x¯).
Since ∇
m
∂/∂t(x) lifts ∇¯
m
∂/∂t(x¯), the series above can be rewritten as∑
m∈Nd
(F f(t)− F
′f (t))m
m!
⊗∇m∂/∂t(x).
Hence, the vertical isomorphism in (2.2.1) is exactly the map σ given in (3). 
Proof of Theorem 2.1 in the general case. The key point of the proof is to com-
pare, in the local situation, the functor (2.1.1) relative to two different Frobenius
liftings. First of all, let us assume that Xn is small, thus equipped with e´tale
coordinates t = (t1, . . . , td). Let F, F
′ be two Frobenius liftings on Xn. Let
(E,Filtr, . . . ,Filtr, φ) be an f -periodic HDRF of level zero on Xn. Relative to
the lifting F (resp. the lifting F ′), the isomorphism φ : Ef
∼
→ E becomes an
isomorphism of OXn-modules
φF : F
∗fE
∼
−→ E, (resp. φF ′ : F
′∗fE
∼
−→ E),
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and the isomorphisms φF and φF ′ are related by the OXn-linear isomorphism σ in
Lemma 2.2 (3). We claim that EφF=1 = EφF ′=1 as representations of π1(X). In-
deed, observe first that, for an e´tale local section x ∈ EφF=1, since the connection
∇ on E is compatible with φF , one has
∇(x) = ∇(φF (x)) = (φF ⊗ dF )(∇(x)) = . . . = (φF ⊗ dF )
n(∇(x)).
But dF (Ω1Xn/Wn) ⊂ pΩ
1
Xn/Wn
, so (dF )n(Ω1Xn/Wn) = 0 and ∇(x) = 0. Thus,
σ(x) =
∑
m∈Nd
(F f(t)− F
′f(t))m
m!
⊗∇m∂/∂t(x) = 1⊗ x ∈ F
′∗fE.
Furthermore, from the commutativity of (2.2.1) and the fact that φF (x) = x,
we find φF ′(x) = x. As a result, the set of φF -invariant e´tale local sections
of E coincides with the set of φF ′-invariant e´tale local sections. Therefore the
Wn(Fpf )-representations E
φF=1 and EφF ′=1 of π1(X) are the same.
For a general smooth Wn-scheme Xn, it can be covered by its small open
subsets Xn =
⋃
i Ui. Choose a Frobenius lifting Fi on Ui for each i. Let
(E,Filtr, . . . ,Filtr, φ) be an f -periodic HDRF of level zero on Xn. It gives rise to
aWn(Fpf )-representation of π1(Ui), or equivalently, a finite e´taleWn(Fpf )-module
scheme Yi over Ui. By the analysis in the first paragraph of the proof, the Yi and
Yj are canonically isomorphic over Ui ∩ Uj . Thus we can glue the Yi’s to a finite
e´tale Wn(Fpf )-module scheme Y over Xn. In particular, we obtain a Wn(Fpf )-
representation of π1(Xn) = π1(X), written intuitively by E
φ=1. In this way, we
obtain a functor
(2.2.2) HDR0,f (Xn) −→ RepWn(Fpf )
(π1(X)), (E,Filtr, . . . ,Filtr, φ) 7→ E
φ=1.
If Xn is endowed with a Frobenius lifting FXn, the functor is the same as the local
one (2.1.1).
It remains to show that the functor (2.2.2) is an equivalence of categories. We
shall do it by defining a quasi-inverse, whose construction is already contained
in [9]. Let ρ : π1(Xn) → AutWn(Fpf )(M) be a representation of π1(X) = π1(Xn),
with M a finite free Wn(Fpf )-module. Let f : Yn → Xn be a finite e´tale Galois
cover such that ρ factors through the surjection π1(X) → Aut(Yn/Xn)
op. In
particular, Aut(Yn/Xn) has a right Wn(Fpf )-linear action on M . Consider the
quotient Eρ of M ⊗Wn(Fpf ) OYn by the following right action of Aut(Yn/Xn): for
all γ ∈ Aut(Yn/Xn) and m⊗ a ∈M ⊗Wn(Fpf ) OYn ,
(m⊗ a) · γ := (m · γ)⊗ (γ∗a).
So Eρ is a vector bundle on Xn. Moreover, there is a natural connection ∇ on E
induced from the differential d : OYn → Ω
1
Yn/Wn
. Let U ⊂ Xn be a small open of
Xn and V := f
−1(U). Let FU be a Frobenius lifting. As V → U is finite e´tale, V
is endowed a unique Frobenius lifting FV compatible with FU . By the uniqueness,
FV commutes with every U -automorphism of V . As a result, the map
1⊗ F fV : M ⊗W (Fpf ) OV −→M ⊗W (Fpf ) OV
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descends to a F fU -semilinear morphism ψU on EU = Eρ|U , such that the induced
morphism F ∗fU EU → EU is a horizontal isomorphism. In particular, we get a
Frobenius periodic vector bundle (EU , ψU) relative to FU , whence an f -periodic
HDRF (EU ,Filtr, . . . ,Filtr, φU) on U . If F
′
U is a second Frobenius lifting on U ,
and let ψ′U : F
′
UE
∼
→ EU be the isomorphism resulting from F
′
U . One checks that
ψU and ψ
′
U are related by the Taylor series defining by the connection ∇. As a
result, the f -periodic HDRF of level zero resulting from Frobenius periodic vector
bundle (EU , ψ
′
U) is the same as (EU ,Filtr, . . . ,Filtr, φU), i.e., the latter does not
depend on the choice of FU . Consequently, one can glue these local HDRFs to
get an f -periodic HDRF of level zero on Xn, written by (Eρ,Filtr, . . . ,Filtr, φρ).
The required quasi-inverse of (2.2.2) is given by
RepWn(Fpf )
(π1(X)) −→ HDR0,f(Xn), ρ 7→ (Eρ,Filtr, . . . ,Filtr, φρ).
This completes the proof of our theorem. 
The functors (2.2.2) for various n are compatible with each other. In other
words, we have the following commutative diagram of categories:
HDR0,f (Xn)
(2.2.2)
//
(−)|Xn−1

RepWn(Fpf )
(π1(X))
mod pn−1

HDR0,f (Xn−1)
(2.2.2)
// RepWn−1(Fpf )
(π1(X))
Letting n tend to infinity, we obtain from Theorem 2.1 a Hitchin-Simpson corre-
spondence for the category RepW (F
pf
)(π1(X)) of continuousW (Fpf )-representation
of π1(X) on finite free W (Fpf )-modules.
Corollary 2.3. Let X be a connected smooth variety over k. Assume that X/k
can be lifted to a smooth formal scheme X over W = W (k). Then, for each
integer f > 0, there is an equivalence of categories
HDR0,f(X /W )
∼
−→ RepW (F
pf
)(π1(X)), (E , 0,Filtr, . . . ,Filtr, φ) 7→ E
φ=1.
Remark 2.4. Theorem 2.1 and Corollary 2.3 generalize the result [9, Proposition
4.1.1] of Katz in the sense that we remove the assumption on the existence of
Frobenius lifting. Note that, a rational version of Corollary 2.3 was obtained by
Crew in terms of unit-root F -isocrystals ([1, Theorem 2.1]).
In the remaining part of this section, we compare (2.2.2) with a construction in
[11]. Let X /W be a proper smooth scheme with connected fibers, and set Xn :=
X⊗WWn, n ∈ Z≥1. So X := X1 is the closed fiber of X /W . Let K be the fraction
field of W . Write XK for the generic fiber of X . Let (E, 0,Filtr, · · · ,Filtr, φ) be
an f -periodic HDRF of level zero over Xn, with
ρ1 : π1(X) −→ GLr(Wn(Fpf ))
the representation of π1(X) given by Theorem 2.1. On the other hand, by [11,
Theorem 5.3] and [3, Theorem 2.6], there exists another Wn(Fpf )-representation
ρ2 : π1(XK) −→ GLr(Wn(Fpf )).
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of π1(XK) attached to (E, 0,Filtr, . . . ,Filtr, φ). We want to compare ρ1 with ρ2.
Proposition 2.5. We keep the notations above. Then, the representation ρ2 fac-
tors through the specialization morphism sp : π1(XK)։ π1(X), and the resulting
Wn(Fpf )-representation of π1(X) is isomorphic to ρ1.
Proof. According to [11, Theorem 5.3], we can associate to the f -periodic HDRF
(E,Filtr, . . . ,Filtr, φ) a Fontaine module H := (H,∇H ,Filtr,Φ) with Wn(Fpf )-
endomorphism structure ι : Wn(Fpf ) → End(H,∇H ,Filtr,Φ). The proof is to
examine carefully the construction of ρ2, which is obtained by applying to H the
(covariant version of the) functor D of Faltings given in [3]. As in the proof of
[11, Theorem 5.3], we view an f -periodic HDRF of level zero as an 1-periodic
HDRF of level zero endowed with Wn(Fpf )-endomorphism structure, and simi-
larly a Wn(Fpf )-representation of a profinite group Γ as a Wn(Fp)-representation
of Γ with Wn(Fpf )-endomorphism structure. Consequently, to prove our propo-
sition, we reduce to the case where f = 1. Thus (E, 0,Filtr, φ) is an 1-periodic
HDRF on Xn, with (H,∇H ,Filtr,Φ) its associated Fontaine module. In con-
crete terms, (E, 0) is a Higgs vector bundle with trivial Higgs field on Xn,
(H,∇H) = C
−1
n (E, 0),
φ : GrFiltr(H,∇H) = (H, 0) −→ (E, 0)
is an isomorphism of Higgs bundles, and Φ = C−1n (φ). Before starting the proof
which is divided into several steps, recall that the vector bundle E on Xn is
endowed with a connection ∇E by Lemma 2.2.
Step 1: Let U ⊂ X be an affine open subset of X with non-empty closed fiber,
which is equipped with an e´tale morphism over W :
U −→ Spec(W [t±11 , . . . , t
±1
d ]).
Let Uˆ = Spf(R) be the p-adic completion of U , and let F = FU be a Frobenius
lifting on Uˆ which is e´tale in characteristic in characteristic 0 (for example, we
may take F such that F#(ti) = t
p
i for 1 ≤ i ≤ d). Let Un (resp. Fn = FUn) be
the reduction modulo pn of U (resp. of F ). Set
(EU ,∇EU , φU) := (E,∇E, φ)|U , and (HU ,∇HU ,ΦU) := (H,∇H ,Φ)|U .
Using the Frobenius lifting F , we get a natural isomorphism HU
≃
→ F ∗EU , so
that φU becomes an F
#-semilinear endomorphism
φU ,F : EU −→ EU .
Similarly, the bundle part of C−1n (HU , 0) is identified with F
∗HU , and then ΦU
becomes an F#-semilinear endomorphism ΦU ,F on HU . Under the identification
HU ≃ F
∗EU , the latter can be further identified with
F# ⊗ φU ,F : F
∗EU −→ F
∗EU .
Shrinking U if needed, we assume that HU admits a flat basis (mi)1≤i≤r relative
to ∇HU (Lemma 1.3). So we get an invertible matrix A ∈ GLr(R/p
n) such that
ΦU ,F (1⊗m) =m · A,
with m := (m1, . . . , mr).
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Step 2: Let ξ ∈ X be the generic point of the closed fiber of X /W , so that
OX ,ξ is a DVR with maximal ideal (p) ⊂ OX ,ξ. Fix an algebraic closure Ω of the
quotient field of OˆX ,ξ, the p-adic completion of OX ,ξ. Since ξ ∈ U , we have a
natural inclusion OX (U) →֒ OX ,ξ. On passing to p-adic completions, we find
R = OX (U)
ˆ⊂ OˆX ,ξ ⊂ Ω.
Let R¯ be the union of all finite extensions of R contained in Ω that are e´tale in
characteristic zero, with ˆ¯R its p-adic completion. Let Rur ⊂ R¯ be the maximal
subextension of R¯/R that is e´tale everywhere. Recall that the period ring B+(R)
used in [3] (and in [11]) is endowed with a Frobenius σ : B+(R)→ B+(R). As F
is e´tale in characteristic 0, there is a morphism
ι = ιF : R −→ B
+(R)
compatible with the Frobenius morphisms ([3, page 36]). Furthermore, the Frobe-
nius lifting F extends uniquely to a Frobenius lifting on Rur, and thus ι above
extends to a morphism Rur → B+(R), still denoted by ι in the following, which
is Frobenius-compatible and makes commutative the following diagram
B+(R)
θ // ˆ¯R
Rur
?
ι
OO
-
 natural inclusion
<<②②②②②②②②②
.
Here θ : B+(R)→ ˆ¯R is the natural morphism of rings defined by Fontaine.
Consider
B+(R)⊗R HU = B
+(R)/pn ⊗R/pn HU
which is endowed with the Frobenius σ ⊗ ΦU ,F . The Frobenius-invariants
D(HU)F :=
(
B+(R)/pn ⊗R/pn HU
)σ⊗ΦU,F=1
is of form (1⊗m) ·x, with x a column vector with entries in B+(R)/pn satisfying
A · σ(x) = x.
To describe D(HU)F , one needs to solve the equation below in B
+(R)/pn:
(2.5.1) σ(x) = B · x,
with B = A−1 ∈ GLr(R/p
n), viewed as an element of GLr(B
+(R)/pn) via ι. As
usual one first solves the equation (2.5.1) modulo p and then lifts the solutions
to higher p-power. In the first step, one reduces to solving
(2.5.2) xp = B1 · x, with B1 = B mod p.
Since B1 is invertible with entries in R/p
ι
→֒ B+(R)/p, (2.5.2) is an Artin-Schreier
equation in characteristic p. So the entries of all the solutions x1 of (2.5.2) lie
in Rur/p
ι
→֒ B+(R)/p. Assume that we have obtained all the solutions of (2.5.1)
modulo pi with 1 ≤ i ≤ n − 1, and that the entries of them are contained in
Rur/pi
ι
→֒ B+(R)/pi. Let xi be one such solution. In the second step, one takes
an arbitrary lifting x′ of xi with entries contained in R
ur/pi+1
ι
→֒ B+(R)/pi+1,
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and looks for solutions of the from x′ + piy mod pi+1 of the equation (2.5.1)
modulo pi+1, which amounts to solving the next equation in B+(R)/p:
(2.5.3) yp −B1 · y = z mod p,
where z is a vector with entires in Rur/pi+1 with piz = Bx′ − F (x′): note that
xi = x
′ mod pi is a solution of (2.5.1) modulo pi, the entries of Bx′ − F (x′)
is divisible by pi in Rur/pi+1. Since B1 is invertible, (2.5.3) is again an Artin-
Schreier equation in characteristic p, whose solutions have entries contained in
Rur/p. It follows that all the solutions of (2.5.1) in B+(R)/pi+1 have entries in
Rur/pi+1. Thus, inductively we see that the entries of the solutions of (2.5.1) are
contained entirely in Rur/pn, and the induced map
(2.5.4) H
ΦU,F=1
U := (R
ur ⊗R HU)
F⊗ΦU,F=1 −→ D(HU)F
is bijective. In particular, D(HU)F is a finite free Z/p
nZ-module.
Step 3: Let Γ := Gal(R¯/R), and Γur := Gal(Rur/R). So Γ can be identified
with the fundamental group π1(UˆK , η¯) of the generic fiber UˆK of Uˆ relative to the
geometric base point η¯ defined by the inclusion R →֒ Ω, and Γur is naturally a
quotient of Γ. As in [3, page 37], Γ acts on B+(R)⊗R HU , from where D(HU)F
inherits an action of Γ. We caution the readers that this action of Γ on B+(R)⊗R
HU is not the obvious action of Γ on the first factor: in fact the latter is not well-
defined as the morphism ι : R→ B+(R) is not Γ-equivariant.
We claim that the bijection (2.5.4) is Γ-equivariant. To check this, observe that
the natural map θ : B+(R)→ ˆ¯R induces a morphism
B+(R)⊗R HU −→
ˆ¯R⊗R HU
which is Γ-equivariant: here Γ acts on ˆ¯R⊗RHU through its natural action on the
first factor. Consider the following commutative diagram
Rur ⊗HU // B
+(R)⊗R HU //
ˆ¯R ⊗R HU
HΦU=1U
(2.5.4)
≃
//
?
OO
D(HU)
?
OO
α
77♦♦♦♦♦♦♦♦♦♦♦♦♦
.
The composition of the upper horizontal maps is Rur ⊗ HU →
ˆ¯R ⊗R HU , which
is injective and Γ-equivariant. Since the lower horizontal map (2.5.4) is bijective,
the map α is injective (and Γ-equivariant). Therefore, (2.5.4) is Γ-equivariant.
In particular, the action of Γ on D(HU) factors through the quotient Γ։ Γ
ur.
On the other hand, the natural map EU → HU ≃ F
∗EU induces an isomorphism
E
φU,F=1
U
∼
−→ H
ΦU,F=1
U
of Wn(Fp)-representations of Γ
ur. As a result, we obtain a natural isomorphism
(2.5.5) E
φU,F=1
U
∼
−→ D(HU)F
of Wn(Fp)-representations of Γ
ur. As HU ≃ F
∗EU , we have also
D(HU)F = (B
+(R)⊗ι,R HU)
σ⊗ΦU,F=1 ≃ (B+(R)⊗ι◦F,R EU)
σ⊗φU,F=1.
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Step 4: Assume that U is endowed with a second Frobenius lifting F ′. Let
φU ,F ′ be the corresponding F
′#-semilinear endomorphism on EU , and ι
′ = ιF ′ :
R → B+(R) the Frobenius-compatible map constructed from F ′. We have seen
in the proof of Theorem 2.1 that
E
φU,F=1
U = E
φ
U,F ′=1
U ⊂ E
∇EU
U ,
from where we deduce a commutative diagram
E
φU,F=1
U
  // EU // F
∗EU //
τ

B+(R)⊗ι◦F,R EU
τ

E
φ
U,F ′=1
U
  // EU // F
′∗EU // B
+(R)⊗ι′◦F ′,R EU
,
where τ is the usual isomorphism defined using the connection∇EU on EU . Taking
Frobenius-invariants we obtain the following commutative diagram
E
φU,F=1
U
(2.5.5)
// (B+(R)⊗ι◦F,R EU)
σ⊗φU,F=1 ≃ D(HU)F
τ

E
φ
U,F ′=1
U
(2.5.5)
// (B+(R)⊗ι′◦F ′,R EU)
σ⊗φ
U,F ′=1 ≃ D(HU)F ′
.
In particular, up to a canonical isomorphism, the (Z/pnZ)[Γ]-module D(HU)F
does not depend on the choice of the Frobenius lifting F .
Step 5: Finally, let X =
⋃
i Ui be a cover of X by its small affine open subsets.
For each i, let Fi be a Frobenius lifting on Uˆi, the p-adic completion of Ui. For
each i, let Γi be the fundamental group of Uˆi,K relative to the geometric base
point given by the inclusion OX (Ui)
ˆ →֒ Ω. Using the action of Γi on the finite
Z/pnZ-module D(HUi)Fi in Step 3, the latter corresponds naturally a finite e´tale
cover of Uˆi,K , and thus (by taking normalization) a finite morphism of formal
schemes over W
ZUi,Fi −→ Uˆi
that is e´tale in characteristic 0. Moreover, according to Step 4, these finite mor-
phisms for various i can be glued naturally to a finite morphism Z→ Xˆ , which,
by properness of X /W , comes from a finite morphism
Z −→ X
that is e´tale in characteristic 0. By definition, ρ2 is the associated Z/p
nZ-
representation of π1(XK) of the finite e´tale cover ZK → XK . On the other
hand, let Y → X be the finite e´tale cover corresponding to ρ1. The Γ-equivariant
isomorphism (2.5.5) gives rise to an isomorphism over Ui
Y ×X Ui
∼
−→ Z ×X Ui.
By Step 4, these local isomorphisms for various i glue to an X -isomorphism
Y
∼
−→ Z.
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Consequently, ρ2 factors through the quotient sp : π1(XK) ։ π1(X) and the
resulting representation of π1(X) is isomorphic to ρ1. 
Corollary 2.6. Let X be a smooth proper scheme over W , with X its special
fiber and XK its generic fiber. Let LK be a Z/p
n-e´tale local system on XK . Then,
the following statements are equivalent:
(1) LK is crystalline of Hodge-Tate weight 0;
(2) LK is the generic fiber of a Z/p
n-e´tale local system on X . In other words,
the corresponding Z/pn-representation of π1(XK) factors through the quo-
tient π1(XK)։ π1(X).
In particular, the functor D in [3, Theorem 2.6] induces an equivalence of the
category of strict pn-torsion Fontaine modules of Hodge-Tate weight zero and the
category of crystalline Wn(Fp)-representations of π1(X).
Proof. This combines Theorem 2.1 and Proposition 2.5. 
3. Deformation of HDRFs of level zero
Let k be a perfect field of characteristic p. Let W :=W (k) be the ring of Witt
vectors with coefficients in k, with Wm its reduction modulo p
m for every m ∈ N.
Let n ≥ 1 be an integer. Let X be a connected smooth k-scheme, equipped with
a geometric point x¯. Suppose that X/k can be lifted to a smooth Wn+1-scheme
Xn+1 and write Xn = Xn+1 ⊗Wn+1 Wn. Let
ρ : π1(X, x¯) −→ GLd(Z/p
nZ)
be a continuous Z/pnZ-representation of π1(X, x¯), with (E,Filtr, φ) the corre-
sponding 1-periodic HDRF of level zero on Xn given by Theorem 2.1. In the
following, we consider a part of the deformation theory of ρ, or equivalently of
the level-zero HDRF (E,Filtr, φ), and discuss its relation with the deformation
theory of the vector bundle E. We also draw the attention of the readers to a very
recent work of Krishnamoorthy-Yang-Zuo ([10]), where a deformation theory for
HDRFs of general levels is developed in a different context.
Remark 3.1. Let us briefly recall some deformation theory of the representations
of profinite groups (see [13, § 1] for a detailed discussion). Let (R,m)→ (R0,m0)
be a surjective morphism of local Artinian rings, with κ their common residue
field. Let a = ker(R→ R0). Suppose am = 0. Let Π be a profinite group, and
γ : Π −→ GLd(R0)
a continuous R0-representation of Π, with γ¯ : Π→ GLd(κ) the reduction modulo
m0. We would like to consider deformations of γ over R, i.e., continuous R-
representations Π→ GLd(R) of Π lifting ρ.
(1) Let γ˜ : Π→ GLd(R) be a set-theoretic continuous lifting of γ. Set
c : Π×Π −→ 1 +Md(a) ⊂ GLd(R), (g1, g2) 7→ γ˜(g1g2)γ˜(g2)
−1γ˜(g1)
−1.
Then the map c− 1 is a 2-cocycle of Π with coefficients in the Π-module
Md(a) ≃Md(κ)⊗κ a ≃ ad(γ¯)⊗κ a.
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The corresponding cohomology class in H2(Π, ad(γ¯)) ⊗ a, written ob(γ) in the
sequel, does not depend on the choice of γ˜, and ob(γ) = 0 if and only if γ can be
deformed to to an R-representation of Π. In other words, ob(γ) is the obstruction
for the existence of a deformation of γ over R.
(2) The set of isomorphism classes of deformations of ρ over R is a torsor under
H1(Π, ad(ρ¯))⊗ a. More precisely, let γ˜, γ˜′ : Π→ GLd(R) be two deformations of
γ over R. Set
e : Π −→ 1 +Md(a) ⊂ GLd(R), g 7→ γ˜(g)γ˜
′(g)−1.
Then the map e − 1 is a 1-cocycle of Π with coefficients in ad(ρ¯) ⊗ a, and the
corresponding class in H1(Π, ad(γ¯))⊗a depends only on the isomorphism classes
of γ˜ and γ˜′. Conversely, let w ∈ H1(Π, ad(γ¯))⊗ a and write w = [e˜− 1] with
e˜ : Π −→ 1 +Md(a) ⊂ GLd(R).
Then g 7→ e˜γ˜(g) ∈ GLd(R) gives another deformation of ρ over R, whose isomor-
phism class depends only on w.
(3) Finally, for γ˜ a deformation of γ over R, its group of automorphisms, i.e.,
Π-equivariant R-linear isomorphisms Rd
∼
→ Rd reducing to idRd0 modulo a, is
naturally identified with H0(Π, ad(γ¯))⊗ a.
Let a = ker(Z/pn+1Z → Z/pnZ). Let L be the (e´tale) Z/pnZ-local system
corresponding to ρ. Write ρ¯ and L the reductions modulo p of ρ and L respec-
tively. As representations of π1(X, x¯), we have ad(ρ¯) = End(Lx¯) ≃ End(L)x¯.
Furthermore, there is a canonical injective map
H2(π1(X, x¯), End(L)x¯) ≃ H
2(Xfet, End(L)) −→ H
2(Xet, End(L)).
In the following, we still denote by ob(ρ) the image of ob(ρ) ∈ H2(π1(X, x¯), ad(ρ¯))
via the induced injective map below
H2(π1(X, x¯), ad(ρ¯))⊗ a −→ H
2(Xet, End(L))⊗ a.
Thus ob(ρ) = 0 if and only ρ can be deformed over Z/pn+1Z, or equivalently,
there is a Z/pn+1Z-local system L˜ so that L˜⊗Z/pn+1Z Z/p
nZ ≃ L.
Let (E¯,Filtr, φ¯) be the reduction modulo p of (E,Filtr, φ), which is also the
level-zero HDRF on X corresponding to ρ¯. So (E¯, φ¯) is Frobenius-periodic vector
bundle of period 1 on X such that L ≃ E¯φ¯=1. Moreover, the sheaf End(E¯) of
endomorphisms of E¯ is a vector bundle on X , endowed with a Frobenius
Φ : End(E¯) −→ End(E¯), f 7→ φ¯ ◦ F ∗(f) ◦ φ¯−1.
One checks that the canonical map
End(E¯)Φ=1 −→ End(E¯φ¯=1), f 7→ f |E¯φ¯=1
is an isomorphism, giving thus a short exact sequence in the e´tale topology:
0 −→ End(L) −→ End(E¯)
1−Φ
−→ End(E¯) −→ 0.
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Taking cohomology we get the exact sequence below
0 −→ H0(Xet, End(L))⊗ a
α0
−→ H0(X, End(E¯))⊗ a
1−Φ
−→ H0(X, End(E¯))⊗ a
β0
−→
H1(Xet, End(L))⊗ a
α1
−→ H1(X, End(E¯))⊗ a
1−Φ
−→ H1(X, End(E¯))⊗ a
β1
−→
H2(Xet, End(L))⊗ a
α2
−→ H2(X, End(E¯))⊗ a
1−Φ
−→ H2(X, End(E¯))⊗ a.
On the other hand, like the deformation theory for representations of profinite
groups (see Remark 3.1), there is an obstruction class ob(E) ∈ H2(X, End(E¯))⊗a
so that ob(E) = 0 if and only if E can be deformed to a vector bundle on Xn+1.
Moreover the set Def(E/Xn+1) of isomorphisms classes of deformations of E over
Xn is a torsor under H
1(X, End(E¯))⊗ a.
Proposition 3.2. Keep the notation above. Then α2(ob(ρ)) = ob(E).
Proof. Recall first the construction of ob(E) ∈ H2(X, End(E¯)) ⊗ a. In the fol-
lowing, for U ⊂ X an open subset, we denote by Un (resp. by Un+1) the open
subscheme of Xn (resp. of Xn+1) corresponding to the open subset |Ui| ⊂ |X| =
|Xn| = |Xn+1|. Let U = (Ui)i∈I be an open covering such that one can lift
Ei := E|Ui,n to a vector bundle E˜i on Ui,n+1, and that for any i, j ∈ I, the two de-
formations E˜i|Uij,n+1 and E˜j |Uij,n+1 of E|Uij,n are isomorphic: for example, choose
U such that Ei is a free OUi,n-module, and take E˜i a free OUi,n+1-module lifting
Ei. For each i, j ∈ I,choose arbitrarily an isomorphism of OUij,n+1-modules
fij : E˜i|Uij,n+1
∼
−→ E˜j |Uij,n+1, so that fij |Uij,n = idE|Uij,n .
Here Uij := Ui ∩ Uj . For i, j, l ∈ I, set Uijl = Ui ∩ Uj ∩ Ul and
gijl = f
−1
il |Uijl,n+1 ◦ fjl|Uijl,n+1 ◦ fij |Uijl,n+1 : E˜i|Uijl,n+1 −→ E˜i|Uijl,n+1 .
Then gijl−id ∈ a·End(E˜i|Uijl,n+1) ≃ End(E¯|Uijl)⊗a, and the map (i, j, l) 7→ gijl−id
is a 2-cocycle of U with values in End(E¯)⊗ a. The obstruction class ob(E) is the
image of [g − id] ∈ H2(U , End(E¯))⊗ a via the natural map below
H2(U , End(E¯))⊗ a −→ H2(X, End(E¯))⊗ a,
Since we can use the e´tale topology to compute coherent cohomology, in the
construction of ob(E) above, one may use equally an e´tale covering U of X .
Similarly, as L can be locally lifted to a Z/pn+1-local system for the finite e´tale
topology on X , one may define exactly in the same way an obstruction class
ob(L) ∈ H2(Xfet, End(L))⊗ a →֒ H
2(Xet, End(L))⊗ a.
As E ≃ L ⊗Z/pnZ OXn , we have α
2(ob(L)) = ob(E) by functoriality. So to show
our proposition, it is enough to compare ob(L) and ob(ρ) in
H2(π1(X, x¯),End(Lx¯))⊗ a ≃ H
2(Xfet, End(L))⊗ a.
Let Y/X be a Galois e´tale covering of Galois group ∆ := Aut(Y/X), such that
L|Y is constant. Let y¯ be a geometric point of Y over x¯. We have π1(Y, y¯) ⊂
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ker(ρ), and ρ factors through the morphism π1(X, x¯) → ∆
op, which sends g ∈
π1(X, x¯) to the unique σ
g ∈ ∆ such that g · y¯ = σg(y¯). Moreover, we have
(3.2.1)
∐
σ∈∆
Yσ = Y ×∆
∼
−→ Y ×X Y, (y, σ) 7→ (y, σ(g)),
with Yσ = Y for every σ. Similarly,
(3.2.2)∐
(σ,τ)∈∆×∆
Yσ,τ = Y ×∆×∆
∼
−→ Y ×X Y ×X Y, (y, σ, τ) 7→ (y, σ(y), τ(σ(y))),
with Yσ,τ = Y for every (σ, τ) ∈ ∆×∆. Since L|Y is constant, it can be lifted to
a constant Z/pn+1Z-local system L˜. Let
(3.2.3) f˜ : p∗1L˜
∼
−→ p∗2L˜
be an isomorphism of Z/pn+1Z-modules on Y ×X Y , lifting the canonical isomor-
phism p∗1L
∼
→ p∗2L. Here pi : Y ×X Y → Y for i = 1, 2 are the two projections.
Using (3.2.1), f˜ is identified with a collection of isomorphisms (f˜σ)σ∈∆ on Y ,
with f˜σ : L˜
∼
→ σ∗L˜ an isomorphism of Z/pn+1Z-modules lifting the canonical one
fσ : LY
∼
→ σ∗LY (recall LY = L|Y ). On the other hand, let g ∈ π1(X, x¯) with
σ(y¯) = gy¯. Since Y → X is e´tale, every finite e´tale Y -scheme is finite e´tale over
X . So g ∈ π1(X, x¯) induces an isomorphism
γg : FY,y¯
∼
−→ FY,σ(y¯)
of fiber functors FY,y¯ and FY,σ(y¯) of the category Yfet of finite e´tale Y -schemes, i.e.,
a parallel transport from y¯ to σ(y¯). On the other hand, in terms of representation,
σ∗LY corresponds to the representation (which is in fact trivial)
π1(Y, y¯)
σ∗−→ π1(Y, σ(y¯))
ρy¯
−→ Aut(LY,u(y¯)).
Using the parallel transport γg, we obtain an isomorphism of profinite groups
ι : π1(Y, σ(y¯)) = Aut(FY,σ(y¯))
∼
−→ π1(Y, y¯) = Aut(FY,y¯), h 7→ γ
−1
g ◦ h ◦ γg,
and the commutative square below
π1(Y, σ(y¯))
ρσ(y¯) //
ι

Aut(LY,σ(y¯))
φ 7→γ−1g φγg

π1(Y, y¯)
ρy¯ // Aut(LY,y¯)
.
As LY = L|Y , LY,y¯ and LY,σ(y¯) are identified with Lx¯, so that the parallel trans-
port γg(LY ) : LY,y¯ → LY,σ(y¯) becomes the Z/p
nZ-linear map ρ(g) : Lx¯ → Lx¯.
Moreover, viewed as subgroups of π1(X, x¯), the map ι ◦ σ∗ : π1(Y, y¯) → π1(Y, y¯)
sends h to ghg−1. Consequently, using the parallel transport γg, the isomorphism
fσ : LY → σ
∗L is identified with the Z/pnZ-linear map ρ(g) : Lx¯ → Lx¯ over the
morphism ι ◦ σ∗ above. In a similar way, the isomorphism f˜σ : L˜ → σ
∗L˜ can be
identified with a Z/pn+1Z-linear isomorphism ρ(g)∼ : L˜y¯ → L˜y¯ lifting ρ(g). As L˜
is constant, the isomorphism γg(L˜) : L˜y¯
∼
→ L˜σ(y¯) does not depend on the choice
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of the parallel transport γg from y¯ to σ(y¯). As a result, ρ(g)
∼ depends only on σ
(recall g ∈ π1(X, x¯) is such that σ(y¯) = g · y¯).
Consider the isomorphism f˜ in (3.2.3), and the 2-cocycle
p∗13(f˜)
−1 ◦ p∗23(f˜) ◦ p
∗
12(f˜)− id ∈ aEnd(L˜|Y×Y×Y ) ≃ End(L)(Y × Y × Y )⊗ a
relative to the e´tale covering U := {Y → X}, with p12, p23, p13 : Y ×X Y ×X Y →
Y ×X Y the three natural projections. The obstruction class ob(L) is by definition
the image of this cohomology class through the canonical map
H2(U , End(L))⊗ a −→ H2(Xfet, End(L))⊗ a.
Using (3.2.2), the restriction to Yσ,τ of p
∗
13(f˜)
−1 ◦ p∗23(f˜) ◦ p
∗
12(f˜)− id is
f˜−1τσ ◦ σ
∗(f˜τ ) ◦ f˜σ − id ∈ aEnd(L˜|Y×Y×Y ).
Let g, h ∈ π1(X, x¯) with σ(y¯) = gy¯ and τ(y¯) = hy¯. In terms of representations,
the morphism above becomes
ρ˜(gh)−1 ◦ ρ˜(h) ◦ ρ˜(g)− id ∈ aEnd(L˜y¯) ≃ End(Lx¯)⊗ a.
Varying g, h, we obtain the 2-cocycle defining ob(ρ) (Remark 3.1). As a result,
ob(L) = ob(ρ) ∈ H2(π1(X, x¯),End(Lx¯))⊗ a ≃ H
2(Xfet, End(L))⊗ a.
This completes the proof of our proposition. 
Corollary 3.3. Keep the notation above. Suppose moreover that the base field
k is algebraically closed and that X/k is proper. Then ob(ρ) = 0 if and only if
ob(E) = 0.
Proof. Clearly if ob(ρ) = 0 then ob(E) = 0. Conversely, suppose ob(E) = 0. By
Proposition 3.2, to conclude that ob(ρ) = 0, it is enough to check that the map
1− Φ : H1(X, End(E¯)) −→ H1(X, End(E¯))
is surjective. But this is well-known because Φ is Frobenius-semilinear and the
base field k is algebraically closed ([2, Expose´ XXII, Proposition 1.2]). 
Remark 3.4. Keep the notation above. We have ob(ρ) = 0 ∈ H2(Xet, End(L))
for all representations ρ : π1(X, x¯)→ GLn(Z/p
nZ) in the following two cases:
(1) X is affine connected and smooth over a field of characteristic p.
(2) X is a proper connected smooth curve over an algebraically closed field
of characteristic p.
In fact, one has a slightly more general result as follows. Let (R,m)→ (R0,m0) be
a surjective morphism of local Artinian rings as in Remark 3.1, such that the ideal
a = ker(R → R0) of R is annihilated by m. Assume that their common residue
field κ is a finite field of characteristic p. Then, for X a scheme satisfying one of
the two conditions above, and for any continuous representation γ : π1(X, x¯) →
GLd(R0), the obstruction
ob(γ) ∈ H2(π1(X, x¯), ad(γ¯))⊗κ a
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for the existence of a deformation of γ over R vanishes. Here γ¯ denotes as usual
the reduction modulo m0 of γ. Indeed, in both cases, it suffices to show that, for
M a finite-dimensional continuous Fp-representation of π1(X, x¯),
H2(π1(X, x¯),M) = 0.
Write M as the stalk at the geometric base point x¯ of an Fp-local system M.
Since the natural map below is always injective
H2(π1(X, x¯),M) −→ H
2(Xet,M),
we reduce our assertion to the well-known result that H2(Xet,M) = 0 for any Fp-
local system M. To see this, write M =Mφ=1, with (M, φ) a Frobenius-periodic
vector bundle of period 1 on X , giving a short exact sequence of Artin-Schreier-
type in the e´tale topology
0 −→M −→M
1−φ
−→M −→ 0.
Therefore, the assertion in the first case follows since H i(X,M) = 0 for any i ≥ 1.
In the second case, we have still H i(X,M) = 0 whenever i ≥ 2 for the reason of
dimension. Furthermore, since k is algebraically closed, the map
1− φ : H1(X,M) −→ H1(X,M)
is surjective ([2, Expose´ XXII, Proposition 1.2]). As a result, we get equally
H2(Xet,M) = 0 in the second case. Consequently, for X a proper connected
smooth curve over an algebraically closed field of characteristic p as in (2), and for
an absolute irreducible representation γ0 : π1(X, x¯) → GLn(κ), its deformation
functor is pro-representable by a ring of formal power series. See also [6, § 3]
(especially [6, Lemma 3.11]) for the ℓ-adic analog of this statement.1
Next suppose α(ob(L)) = ob(E) = 0, so that E can be deformed over Xn+1.
Let En+1 be such a deformation: it is a vector bundle on Xn+1 equipped with an
identification ι : En+1|Xn
∼
→ E. As E is the initial term of a HDRF, we can apply
to it the inverse Cartier transform C−1n+1, and get a vector bundle C
−1
n+1(En+1) on
Xn+1, endowed with the composed isomorphism below
C−1n+1(En+1)|Xn ≃ C
−1
n (En+1|Xn)
F ∗(ι)
−→ C−1n (E)
φ
−→ E.
In particular, the pair (C−1n+1(En+1), φ ◦ F
∗(ι)) gives a second deformation of E
over Xn+1. Thus there exists a unique v ∈ H
1(X, End(E))⊗ a with
[(C−1n+1(En+1), φ ◦ F
∗(ι))] = [(En+1, ι)] + v ∈ Def(E/Xn+1).
Let (E ′n+1, ι
′) be another deformation of E over Xn+1, and w ∈ H
1(X, End(E¯))⊗a
such that
[E ′n+1, ι
′] = [En+1, ι] + w ∈ Def(E/Xn+1)
Let v′ ∈ H1(X, End(E¯))⊗ a be the element defined by the equality
[(C−1n+1(E
′
n+1), φ ◦ F
∗(ι))] = [(E ′n+1, ι
′)] + v′ ∈ Def(E/Xn+1).
Proposition 3.5. Keep the notation and assumption above. In particular, ob(E) =
0, i.e., there is no obstruction to deform E. Then we have
1We would like to thank one of the referees for drawing our attention to [6].
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(1) β1(v) = ob(ρ); and
(2) v′ = v + Φ(w)− w ∈ H1(X, End(E¯))⊗ a.
Proof. (1) Recall briefly the construction of v ∈ H1(X, End(E¯)) ⊗ a. As any
two deformations of E over Xn+1 are Zariski-locally isomorphic, one can find
an open covering U = (Ui) of X , and an isomorphism φi : C
−1
n+1(En+1)|Ui =
C−1n+1(En+1|Ui)
∼
→ En+1|Ui for every i, inducing φ|Ui modulo p
n. Then v is the
class of the 1-cocycle below
(i, j) 7→ ϕij := φj|Uij ◦ φ
−1
i |Uij − id ∈ aEnd(En+1|Uij) ≃ End(E¯|Uij )⊗ a.
In the following we consider a special case: for the general case one needs a further
e´tale covering Uwij of Uij for each i, j (so we need the notion of hypercoverings
of X). Suppose that there exist fij ∈ End(E¯|U ij) ⊗ a for all i, j, with ϕij =
fij − Φ(fij) = fij − φ¯ ◦ F
∗(fij) ◦ φ¯
−1, or equivalently,
φj |Uij ◦ φ
−1
i |Uij = (id + φ¯ ◦ F
∗(fij) ◦ φ¯
−1)−1 ◦ (id + fij) ∈ id + aEnd(En+1|Uij).
Therefore C−1n+1(id+fij)◦ (φj|Uij) = (id+fij)◦ (φi|Uij). As a result, the morphism
id + fij ∈ id + End(E¯|Uij) ⊗ a ≃ id + aEnd(En+1|Uij ) gives an isomorphism of
1-periodic HDRFs
id + fij : (En+1|Uij ,Filtr, φi)
∼
−→ (En+1|Uij ,Filtr, φj).
Let L˜i = (En+1|Ui)
φi=1 which is a (Z/pn+1Z)-local system lifting L = Eφ=1 on Ui.
So we deduce an isomorphism f˜ij : L˜i|Uij
∼
→ L˜j |Uij of Z/p
n+1Z-local systems. By
definition β1(v) is the image in H2(Xet, End(L))⊗ a of the 2-cocycle
(i, j, l) 7→ −fil + fij + fjl = f˜
−1
il ◦ f˜jl ◦ f˜ij − id ∈ aEnd(L˜i|Uijl) ≃ End(L|Uijl)⊗ a,
which is nothing but the class ob(L) = ob(ρ).
(2) Let U = (Ui)i∈I be an open covering of X such that for each i there exists
an isomorphism gi : E
′
n+1|Ui
∼
→ En+1|Ui of vector bundles reducing identity on
E|Ui. Then w is the image of the following 1-cocycle
(i, j) 7→ gj|Uij ◦ g
−1
i |Uij − id ∈ aEnd(En+1|Uij ) ≃ End(En+1|Uij)⊗ a.
Shrinking U if necessary, we suppose as in (1) that there exists for each i an
isomorphism
φi : C
−1
n+1(En+1)|Ui = C
−1
n+1(En+1|Ui)
∼
−→ En+1|Ui
inducing φ|Ui modulo a. Then one deduces an isomorphism
φ′i = g
−1
i ◦ φi ◦ C
−1
n+1(gi) : C
−1
n+1(E
′
n+1|Ui)
∼
−→ E ′n+1|Ui.
which induces equally φ|Ui modulo a. So
φ′j |Uij ◦ φ
′
i
−1
|Uij = g
−1
j ◦ φj ◦ C
−1
n+1(gjg
−1
i ) ◦ φ
−1
i ◦ gi
yielding
gj ◦ (φ
′
j ◦ φ
′
i
−1
) ◦ g−1j = φj ◦ C
−1
n+1(gjg
−1
i ) ◦ φ
−1
j ◦ (φj ◦ φ
−1
i ) ◦ (gi ◦ g
−1
j ).
Varying i, j we find v′ = v + Φ(w)− w ∈ H1(X, End(E¯))⊗ a, as wanted. 
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Finally, suppose ob(ρ) = 0 and let ρ˜, ρ˜′ : π1(X, x¯) → GLd(Z/p
n+1Z) be two
deformations of ρ over Z/pn+1Z. By Remark 3.1, there exists a unique
wGal ∈ H
1(π1(X, x¯),End(ρ¯))⊗ a →֒ H
1(Xet, End(L))⊗ a
with [ρ˜′] = [ρ˜] + wGal. Let (En+1,Filtr, φn+1) and (E
′
n+1,Filtr, φ
′
n+1) be the 1-
periodic HDRF corresponding to ρ˜ and ρ˜′ respectively. Thus En+1 and E
′
n+1 are
two deformations of E over Xn+1. Let
wcoh ∈ H
1(X, End(E¯))⊗ a
be the unique element such that [E ′n+1] = [En+1] + wcoh ∈ Def(E/Xn+1).
Proposition 3.6. Keep the notations above. In particular, ρ˜ and ρ˜′ are two defor-
mations of ρ over Z/pn+1Z, with corresponding level-zero HDRFs (En+1,Filtr, φn+1)
and (E ′n+1,Filtr, φ
′
n+1) respectively. Then
(1) we have α1(wGal) = wcoh;
(2) if moreover wcoh = 0, let f : E
′
n+1
∼
→ En+1 be an isomorphism of vector
bundles reducing to idE modulo a, and set
g = f ◦ φ′n+1 ◦ C
−1
n+1(f
−1) ◦ φ−1n+1 − id ∈ aEnd(En+1) ≃ End(E¯)⊗ a,
then wGal = β
0(g); and
(3) the map α0 identifies the automorphism group of the deformations ρ˜ with
H0(X, End(E¯))Φ=1 ⊗ a, that is, the group of automorphisms of En+1 ∈
Def(E/Xn+1) that commute with φn+1.
Proof. The proof is similar to the ones above, so we omit the details here. 
Corollary 3.7. Keep the notations of Proposition 3.6. Suppose moreover that the
base field k is algebraically closed and that X/k is proper and smooth. Then the
two representations ρ˜ and ρ˜′ are isomorphic as deformations of ρ, or equivalently,
the two HDRFs (En+1,Filtr, φn+1) and (En+1,Filtr, φ
′
n+1) are isomorphic as defor-
mations of (E,Filtr, φ), if and only if En+1 and E
′
n+1 have the same isomorphism
class in Def(E/Xn+1). In particular the natural map

isomorphism classes
of deformations of
(E,Filtr, φ) over Xn+1

 −→ Def(E/Xn+1), (En+1,Filtr, φn+1) 7→ En+1
is injective and identifies the first set, or equivalently the set of isomorphism
classes of deformations of ρ over Z/pn+1Z, with a subset of Def(E/Xn+1), and
the latter is a torsor under H1(X, End(E))Φ=1 ⊗ a. Moreover this identification
is compatible with the natural isomorphism below
H1(X, End(L))⊗ a
∼
−→ H1(X, End(E¯))Φ=1 ⊗ a.
4. Galois action on representations of π1 in the finite field case
Let p be a prime number, and F¯p a fixed algebraic closure of Fp, a finite field
with p elements. Let k ⊂ F¯p be a finite field. Let n ∈ Z>0 ∪ {∞}, and Xn a
smooth connected scheme formal overWn := Wn(k), with X = Xn⊗W k its closed
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fiber. Set X¯n := Xn⊗ˆWn(k)Wn(F¯p). So X¯1 = X ⊗k F¯p, and π1(X¯1) = π
geo
1 (X).
Moreover, every element σ ∈ Gal(F¯p/k) defines two automorphisms
X¯n
∼
−→ X¯n, and X¯1
∼
−→ X¯1,
both written by 1⊗ σ in the sequel. The latter gives also an automorphism
(4.0.1) σ˜ = (1⊗ σ)∗ : π
geo
1 (X)
∼
−→ πgeo1 (X).
which is only well-defined up to an inner automorphism of πgeo1 (X) (since we
ignore the choice of base points in the definition of πgeo1 (X)). Let f ≥ 1 be an
integer.
Construction 4.1 (ρσ and σρ). Let ρ : πgeo1 (X) → GLr(Wn(Fpf )) be a con-
tinuous representation of πgeo1 (X). One can attach to ρ another two continuous
representations of πgeo1 (X) as follows.
(1) Composing ρ with σ˜ in (4.0.1), we get a second representation
ρ ◦ σ˜ : πgeo1 (X)
σ˜
−→ πgeo1 (X)
ρ
−→ GLr(Wn(Fpf ))
of πgeo1 (X), whose isomorphism class only depend on σ: recall that the difference
between two choices of the automorphism σ˜ is an inner automorphism of πgeo1 (X).
By abuse of notation, let us denote the representation ρ ◦ σ˜ above by ρσ.
(2) On the other hand, σ acts on Fpf ⊂ F¯p and thus on GLr(Wn(Fpf )), so from
ρ we can deduce another representation of πgeo1 (X), denoted by
σρ in the sequel:
πgeo1 (X)
ρ
−→ GLr(Wn(Fpf ))
σ
−→ GLr(Wn(Fpf )).
Let
ρ : πgeo1 (X) −→ GLr(Wn(Fpf ))
be a representation of πgeo1 (X). By Theorem 2.1 and Corollary 2.3, it corresponds
to an f -periodic HDRF of level zero on Xn:
(E, 0,Filtr, . . . ,Filtr, φ).
We would like to express ρσ, σρ and σρσ := ρ(ρρ) in terms of (E, 0,Filtr, . . . ,Filtr, φ).
Recall that, if we set (E1, 0) := GrFiltr(C
−1
n (E, 0)), the tuple
(E1, 0,Filtr, . . . ,Filtr, C
−1
n (φ))
is an f -periodic HDRF of level zero, called the shift of (E, 0,Filtr, . . . ,Filtr, φ):
see the paragraph before [11, Corollary 3.11]. Observe that once we shift f -times
an f -periodic HDRF, we get an f -periodic HDRF isomorphic to the one that we
start with.
Proposition 4.2. Keep the notation as above.
(1) The f -periodic HDRF of level zero on X¯n corresponding to
σρσ is given
by (1⊗ σ)∗(E, 0,Filtr, . . . ,Filtr, φ).
(2) (see also [11, Corollary 3.11]) Let σ0 ∈ Aut(F¯p) be the Frobenius automor-
phism (sending an element of F¯p to its p-th power). Then, the periodic
bundle corresponding to σ0ρ is the shift of (E, 0,Filtr, . . . ,Filtr, φ).
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Proof. It suffices to consider the case where n ∈ Z>0: the case where n = ∞
is obtained by taking limits. Let M := Wn(Fpf )
r, endowed with the action of
πgeo1 (X) given by ρ. Let Y → X¯n be a finite e´tale Galois cover such that ρ factors
through the quotient πgeo1 (X) ։ Aut(Y/X¯n)
op. So Aut(Y/X¯n) acts on the right
on M . From the proof of Theorem 2.1, the vector bundle E is the quotient of
M ⊗Wn(Fpf ) OY by the following right action of Aut(Y/X¯n):
(m⊗ a) · γ := (m · γ)⊗ (γ∗a), ∀m ∈M, a ∈ OY , γ ∈ Aut(Y/X¯n).
(1) By the choice of the Galois cover Y/X¯n, the representation
σρσ factors
through πgeo1 (X) ։ Aut(Y
′/X¯n)
op, with Y ′ → X¯n the base change of Y → X¯n
by the morphism σ : X¯n → X¯n. Let (E
′, 0,Filtr, . . . ,Filtr, φ
′) be the f -periodic
HDRF of level zero corresponding to σρσ. Then E ′ is the quotient of(
M ⊗Wn(Fpf ),σ Wn(Fpf )
)
⊗Wn(Fpf ) OY ′
by a similar right action of Aut(Y ′/X¯n) as above. So E
′ = σ∗E. Furthermore, let
U ⊂ Xn be an open subset of Xn endowed with a Frobenius lifting F = FU , then
F¯ := F ⊗σ0 is a Frobenius lifting on U¯ := U⊗Wn(k)Wn(F¯p), where σ0 denotes the
Frobenius on Wn(F¯p). Write YU (resp. Y
′
U) be the open of Y (resp. of Y
′) above
U¯ ⊂ X¯n. Since YU → U¯ (resp. Y
′
U → U¯) is finite e´tale, the Frobenius lifting
F¯ on U¯ lifts uniquely to YU (resp. to Y
′
U). By the uniqueness, the horizontal
morphisms in the diagram below are compatible with Frobenius on both sides:
Y ′U
//

YU

U¯
σ // U¯
Thus the Frobenius periodic vector bundle (E ′U , φ
′
U) is the pullback by 1 ⊗ σ of
(EU , φU). Hence (E
′, 0,Filtr, . . . ,Filtr, φ
′) is the pullback of (E, 0,Filtr, . . . ,Filtr, φ).
(2): The proof is similar to the one above. Let (E ′′, 0,Filtr, . . . ,Filtr, φ
′′) be the
HDRF of level zero corresponding to σ0ρ. Then E ′′ is the quotient of(
M ⊗Wn(Fpf ),σ0 Wn(Fpf )
)
⊗Wn(Fpf ) OY
by the induced right action of Aut(Y/X¯n). Let U ⊂ Xn be a small open subset
endowed with a Frobenius lifting F . Thus U¯ = U⊗Wn(k)Wn(F¯p) is equipped with
the Frobenius lifting F¯ = F ⊗ σ0. Like above, the open subset YU of Y above
U¯ ⊂ X¯n has also a Frobenius lifting, written still by F¯ . Then, we have a natural
isomorphism of OY -modules(
M ⊗Wn(Fpf ),σ0 Wn(Fpf )
)
⊗Wn(Fpf ) OY
∼
−→
(
M ⊗Wn(Fpf ) OYU
)
⊗OYU ,F¯ OYU .
In particular, E ′′|U
∼
→ F¯ ∗(E|U). If F
′ is a second Frobenius lifting on U , with
F¯ ′ = F ⊗ σ0 the induced Frobenius lifting on U¯ , we obtain similarly an isomor-
phism E ′′|U
∼
→ F¯ ′
∗
(E|U). The resulting isomorphism F
∗(E|U)
∼
→ F ′∗(E|U) is
the one defined by using the canonical connection on E. In other words, there
is a natural isomorphism E ′′
∼
→ E1 of vector bundle on X¯n (here we use the
notations in the diagram (1.2.3)). Moreover, if we denote by φF the Frobenius
28 MAO SHENG AND JILONG TONG
on E|U relative to F¯ , then the corresponding Frobenius periodic vector bundle
(E ′′U , φ
′′
F ) is the pullback by F¯ of (EU , φF ), from where one deduces that the HDRF
(E ′′, 0,Filtr, . . . ,Filtr, φ
′′) is the same as (E1, 0,Filtr, . . . ,Filtr, C
−1
n (φ)), that is, the
shift of (E, 0,Filtr, . . . ,Filtr, φ). 
Corollary 4.3. Keep the notations as above. Assume that k ⊂ F¯p is a finite
field of q = pm elements. Let (E, 0,Filtr, . . . ,Filtr, φ) be an f -periodic HDRF of
level zero on Xn, with ρ the corresponding Wn(Fpf )-representation of π
geo
1 (X).
Let σ ∈ Gal(F¯p/k) be the topological generator sending a ∈ F¯p to a
q. Then,
the periodic HDRF corresponding to ρσ is (1⊗ σ)∗(E, 0,Filtr, . . . ,Filtr, φ) shifted
Nf−m times, where N ∈ N is any integer such that Nf−m ≥ 0: recall that once
we shift f -times an f -periodic HDRF, we get an f -periodic HDRF isomorphic to
the one that we start with.
Remark 4.4. Let k be a field, and ksep a separable closure of k. Let X be a
geometrically connected smooth variety over k. Set X¯ = X ⊗ ksep. As in the
beginning of this section, each σ ∈ Gal(ksep/k) induces an automorphism
πgeo1 (X¯)
∼
−→ πgeo1 (X¯),
whose image, written α(σ), in the group
Out(πgeo1 (X)) := Aut(π
geo
1 (X))/Inn(π
geo
1 (X))
of outer automorphisms of πgeo1 (X) is well-defined. We have
α(στ) = α(τ)α(σ), ∀ σ, τ ∈ Gk.
In this way we get a group homomorphism
α = αX/k : G
op
k −→ Out(π1(X¯)),
which we refer to as the outer Galois (right) action of Gk on π
geo
1 (X). Here for G
a group, we denote by Gop its opposite group, i.e., the group whose underlying set
is the same as that of G but with the new multiplication g∗h = h ·g, i.e. multiply
as if we were in G but reverse the order. It is a fundamental question in arithmetic
geometry to understand this outer Galois action αX/k. The reformulation of the
Galois action on the representations of geometric fundamental groups in terms
of HDRFs might shed light on the study of the outer Galois representations of
algebraic varieties defined over finite fields.
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